
Exponential dispersion models
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Last time: Poisson regression
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Yi Ca count variable → values 0,1
,
2 , . _

_)

Yin Poisson (ti) (random component)

gai) = Btxi (systematic comment)

canonicallinw-i.gl/2i)--logC1i)flyiH--e-+y??-= e✗P{yl?-7}_
= aly ,0)exr{b⊖-;} E✗ⁿʳn±{¥¥ñ
aly , 8) = yt! , ⊕ = log 7 ,

1^0-7--7,0=1



Examples of EDMs
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M
-

_ ptxi

fly ; -0,0) = aly , 0) exp { b⊖-¥}
Morina : Y ~ Nlm, 02) lot isnnown

fly ;MoD = ¥7, ear {¥ ly
-at}

= ra "• { ˢ% - %.}
0--02

,
,
KLOS = ¥ = ¥ ,

a 1%0)=¥qe✗P{ -2%}



Bernoulli : You Bernoulli (p)

fly ;p) = PY G - p)
" 'd

=e✗p{ ylogp + G-g) logctp}

=e✗p{ ylog (Ip) tlogctp}

∅ = 1
,
aly, G)

= 1
,
① = log (Fp) ,

Klos = - logltp)

⊖ is always a function of E-[Y]



EDM components
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EDI : fly ; -0,0) = acy ,0)e✗p{Y⊖%}
• only , 6) is a normalizing function

' ⊖ Canonical parameter : function of ELY]

Let m= ELY] , ⊖ = gCµ) ( gisa monotonicallyincreasing friction)

. 0 dispersion parameter, related to the variance

Val-D = G. Vcu)

Ex : Ncu , ) varlet)= . I
↑

0 veil

Bernoulli (p) :
µ =p Varun = 1 . Man]

IF0

Poisson (1) : M=7 mail.to/--I-AvCm)



Cumulants and the cumulant generating function
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KC ⊖) cumulant function

- derivatives of KLA give mean } variance of Y

Recall MGF : met)= E- [ eᵗ" ]

E- [4% = mtᵗ|e=o
Cumulant generating function (CGF) :

Clt) = log
Mlt) = log E-[ ]

It at)|t=o
= E- [Y ] CHW)

¥2 Clt / t=o
=VarCY) (Mw)



For an EDM :

mu-t.EC#3--Syet-'alyi0)exp { ˢ°¥}oy
= Saly,0)e×p{&⊖-"-ᵗY∅} oy

y

②
*
= ⊖ + to

⇒ mud = Gacy ,
∅) exp {s-"'⊖*¥-k☒}oy

y

= exp {
"'¥}§a↳,∅)e×p{ˢ⊖*¥}g
I

= exp {
"l)É} ⇒ at = wl⊖+ᵗ%→



Clt =

KCO-ttag-HCO-3.dzClt) = K' (0-+1-0) ⇒ ¥ at / ⇐◦
= K'G) =gh

⇒ µ
= EED = dh;

8%4*1+-0 = ∅ - %¥-
⇒ varcy) = 0 . kl⊖)

= 0 . ( Etna)
-

- " É÷s



EI : Y - Poisson (7)

m= 7 Var (4) = 1. m

↑
0 vlm)

②
G- = log 1 ⇒ m=e

vln) = dig = e⊖=µ ⇒ ✓ Cm)=µ ✓

EI : Y ~ Bernoulli (p)

u=p Varley) = t.MU-µ)

∅

" TE
⑦ = log (%)

⇒
u
= ¥

um)=¥g =

"ᵗe%e◦%_¥ = many



Summarizing : You EDMLM ,
∅) µ=E[Y]

⇒ fly ; 0,0) = aly , = exp { s⊖%}
a 0 >owner: D 0¥=n
2) valid = 0 %? = 0¥ = 0km)

Vari 'D > 0 ⇒ 0¥ > 0

⇒
µ & ⊖ are monotonic increasing functions d-eachother

3) ⊖ = gcn)
,
where g.CM) is monotonically increasing

GLI : Yi ~ EDM Lui , 0)

ca.naic.at/inh-:hlmi)--BTXi
n qui)=glmi)=Oi

( canonical
parameter)



Generalized linear models
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